This article focuses on the mathematical problem of reconstructing the dynamic permeability K(ω) and dynamic tortuosity of poroelastic composites from permeability data at different frequencies, utilizing the analytic structure of the Stieltjes function representation of K(ω) derived by Avellaneda and Tortquato in [7] , which is valid for all pore space geometry. The integral representation formula (IRF) for dynamic tortuosity is derived and its analytic structure exploited for reconstructing the function from a finite data set. All information of pore-space microstructure is contained in the measure of the IRF. The theory of multipoint Padé approximates for Stieltjes functions guarantees the existence of relaxation kernels that can approximate the dynamic permeability function and the dynamic tortuosity function with high accuracy. In this paper, a numerical algorithm is proposed for computing the relaxation time and the corresponding strength for each element in the relaxation kernels. In the frequency domain, this approximation can be regarded as approximating the Stieltjes function by rational functions with simple poles and positive residues. The main difference between this approach and the curve fitting approach is that the relaxation times and the strengths are computed from the partial fraction decomposition of the multipoint Padé approximates, which is the main subject of the proposed approximation scheme.
Introduction
is modeled by the product of friction constant and the difference between the fluid velocity and the solid velocity. We refer to this set of equations as low-frequency Biot equations. For frequency higher than ω c , the friction constant is multiplied by a frequency-dependent function to correct for the departure from laminar flow; this leads to a memory term in the time domain Biot equations. The exact form of the memory kernel is not known except for specific pore shapes such as parallel tubes [11, 6] . This set of equations are referred to as high-frequency Biot equations.
The need for quantifying the dissipation's dependance on frequency for more general pore space geometry prompted the work in the seminal paper [43] by Johnson, Koplik and Dashen (JKD), in which the theory of dynamic fluid permeability K D (ω) and dynamic tortuosity T D (ω) was developed for describing the inertial coupling and viscous coupling between matrix solid and pore fluid. Using the causality argument, they derived the necessary symmetries and analytic properties of K(ω) and T (ω) when ω is extended to the complex values. Most importantly, they postulated the simplest forms of K(ω) and T (ω) which satisfy those properties. These two functions contain a tunable parameter Λ take into account of the dependence on pore space geometries. However, it is very difficult to measure and is usually calculated through the empirical formula [54] Λ ≈ 2α∞K0 φ/4 , where α ∞ is the infinite-frequency tortuosity, K 0 the static permeability and φ the porosity. The problem is that it is not clear how well this formula approximates Λ and even if it does, the measurement of α ∞ is very difficult and is still an active research area [3] , [30] , [42] , [48] , [63] , [31] .
The Biot-JKD equations refer to the set of Biot equations modified by the JKD theory. In Biot-JKD equations no critical frequency is defined and the friction term (the drag force) is always a memory term.
Due to the numerical complexity brought by the memory terms, most time-domain (vs frequency domain) solvers in the literature consider low-frequency Biot's equations even though it is well known in geological and biological applications that low-frequency Biot equations underestimate wave dissipation when compared with experiments. There have been a few papers which proposed different methods for handling the memory terms. Among them, the most popular ones are the fractional derivative approach for Biot-JKD model, which requires complicated quadrature rules [47] and the phenomenological one which proposed to approximates the memory terms with sums of exponential decay kernels [64] , [19] . The latter is more computationally efficient but it is not clear how the weights and decay rates of the exponential decay kernels can be found in a systematic way.
The aims of this paper are 1. To utilize the integral representation formula (IRF) of dynamic permeability, which is derived in [7] , to develop a numerical scheme that can reconstruct the dynamic permeability function from any finite set of data measured at different frequencies. Unlike the JKD model, it does not impose any specific form on the permeability function.
2. To use the proposed numerical scheme, together with the relation between tortuosity and permeability, to reconstruct the tortuosity function from the finite data set. The weights and decay rates of the exponential decay kernel then come naturally along this process due to the mathematical structure of the tortuosity IRF derived in this paper.
3. To quantify how microstructure affects the tortuosity and other effective parameters relevant to drag force, which is known to be an important signaling mechanism for activating the cell process for bone remodeling, [56, 44, 49, 53, 55, 57] .
The paper is organized as follows. In Section 3, definition of permeability and its role in the poroelastic equations, the mathematical tools essential to the derivation of the tortuosity IRF and the inversion scheme are explained. In Section 4, the numerical scheme for reconstructing permeability functions from a finite data set is presented. Numerical results for the Biot-JKD model, which is regarded as a special case, are demonstrated. The proof that the JKD permeability function indeed can be represented as an IRF with a probability measure is also given there. In Section 5, an IRF of the dynamic tortuosity function is derived. With this IRF, we prove that the time domain dynamic tortuosity function can be approximated by a combination of the Dirac function at t = 0 and a sum of exponentially decay kernels whose rates and strengths can be computed from the proposed numerical scheme. Numerical results for the JKD tortuosity is demonstrated there. In Section 6, we present three exact (vs approximated) mathematical formulas which quantify how the geometry of pore space affects various effective poroelastic parameters through moments. Finally, in Section 7 we summarize the results and compare our exact formula for Λ with an existing empirical formula. Also, future work is pointed out there.
Mathematical Background

Permeability and Tortuosity
For a rigid porous medium filled with Newtonian pore fluid with density ρ f and dynamic viscosity η, a key effective property is the fluid permeability tensor K, which is described by the so-called Darcy's law, [6, 43, 7, 62] 
where U is the averaged fluid velocity over a representative volume element (RVE) of the porous medium and ∇p the applied pressure gradient; this is referred to as the static permeability. If the applied pressure gradient is oscillatory with frequency ω, then the induced averaged fluid velocity will also be oscillatory and proportional to ∇p(ω) by
where K(ω) is referred to as the dynamic permeability, [43, 7] . K(ω) varies with ω because the viscous interaction between fluid and solid varies with frequency, as indicated by the frequency dependent viscous skin depth 2η ρ f ω . For ω = 0 the tortuosity tensor T is related to K(ω) by
As was mentioned in Section 2, there are two different forms of drag forces in Biot equations, depending on whether it is below or above the critical frequency ω c := φη ρ f α∞K0 , K 0 := K(0), [20] ; for a low frequency, in the frequency domain, the drag force is b×(fluid velocity relative to solid velocity) with b = ηφ 2 /K 0 , whereas for a high frequency, the constant b is replaced by b · F (ω) where Im(F (ω)) → 0 and Re(F (ω)) → 1 as ω → 0. Biot derived the exact expression of F (ω) for thin circular tubes in terms of zero-order Kelvin functions of the first kind, [10] and assumed the same functional form for all other pore geometry by a heuristically defined correction constant. In [43] , the Biot-JKD equations are proposed by unifying the two types of friction terms in Biot's equations with a frequency-dependent function. For isotropic poroelastic materials, based on physics-based argument and exact calculation of parallel circular tubes, Johnson, Koplik and Dashen postulated the isotropic dynamic tortuosity to be of the form
with the tunable geometry-dependent constant Λ, and (3) implies
, where η = ρ f ν is the dynamic viscosity of pore fluid. The homogenization analysis in [6] and physical arguments in [43] shows that the permeability in Biot(-JKD) equations for poroelastic materials is identical to that for porous media with a rigid matrix. Furthermore, the permeability can be mathematically characterized as a functional of the solution to the unsteady Stokes equation, [7] 
where e is an arbitrary unit vector if K is statistically isotropic, v 0 a constant, ν the kinetic viscosity, δ(t) the Dirac delta function, V 1 the region occupied by pore fluid and ∂V is the interface between fluid phase and solid phase in the RVE with periodic condition (or statistically homogeneous in the random media setting) on the outer boundary of RVE. As is indicated in [7] , the results can be easily generalized to all statistically homogeneous anisotropic K. However, we assume K is isotropic in this paper for simplicity. It is shown in [7] the solution v(x, t) can be expressed as a sum of the normal modes
where Ψ n are the eigenfunctions of the Stokes system
0 < 1 ≤ 2 ≤ · · · and n → ∞ as n → ∞. Θ n are the viscous relaxation times and Θ 1 referred to as the principal viscous relaxation time. The eigenfunctions are orthonormal in the sense
and the b n in (7)
In [7] it is shown through the classical Hodge decomposition argument that the infinite-frequency tortuosity α ∞ can be mathematically expressed as
This shows the microstructure information affects α ∞ through the projection of the applied flow direction on the normal modes of the Stokes equation in the pore space.
Darcy's Laws in Poroelastic Equations and Permeability IRF
The state variables for both Biot and Biot-JKD equations are v (solid velocity), q (fluid velocity relative to the solid) and p (pore pressure). Note that v and p have different meanings from before and will stay unchanged hereafter. The stress-velocity formulation of Biot-JKD equations 
and the Darcy's laws which are the inverse Fourier transform of the following equation
whereq,ṽ s ,p are Fourier transforms of q, v and p, respectively. The Fourier transform we use here is
The real part of K −1 corresponds to the dissipation term and the imaginary part to the inertial term in the time domain where the drag force is expressed as a time-convolution term, [6, 47] . The complete form of any component of K(ω) for all ω is very difficult to compute for a given porous medium such as cancellous bone, whose pore geometry is complicated, see Fig. 1 . Hereafter, we consider isotropic K and hence replace K with K. It is pointed out in [43] that when α(ω) and K(ω) are extended to the complex ω-plane, they are analytic in the upper half plane because of causality and have the symmetry property α(−ω) = α(ω) and K(−ω) = K(ω), where the bar means complex conjugation. It is remarkable that in [7] K(ω) is derived rigorously for all pore space geometries as a Stieltjes integral with distribution G(Θ) that is nondecreasing, right-continuous, G(Θ) = 0 for Θ ≤ 0 and G(Θ) = 1 for Θ ≥ Θ 1 (i.e., a probability distribution) such that
The derivation is based on identifying the exact functional form of K(s) in terms of the solution to the Laplace transformed equations of (6) with the parameter s = −iω.
Stieltjes functions and Multipoint Padé approximation
The reconstruction scheme proposed in this paper is based on the properties of N -point approximation for Stieltjes functions. Two different but related definitions of Stieltjes functions are widely used in the literature, we adopt the following definition in this paper.
Definition 3.1.
A Stieltjes function f (z) for z on the extended complex plane has the following form
where a, b are extended real numbers and µ(t) is a bounded, non-decreasing real function.
A multipoint Padé approximation of a function f is a rational function interpolating f at various points, not necessarily distinct. The following theorem (Theorem 1 on p. 26 of [34] ) is the foundation of the reconstruction algorithm proposed in this paper and hence we state it here.
Theorem 3.1 ([34] ). Suppose f is a Stieltjes function of the form in (20) . Let P n−1 (z) and Q n (z) be polynomials of degree at most n − 1 and n, respectively, satisfying the relations (
z−t for some bounded, non-decreasing function β(t).
Qn(z) is referred to as the 2n-point Padé approximant for f and is unique [34] . It has nice convergent properties in C \ [a, b] as long as the interpolating points are of the types specified in the theorem above. The significance of Theorem 3.1 is that when the complex-valued interpolating points appear in conjugate pairs, the approximant of a Stieltjes function can be expressed as
with r k > 0 and p k ∈ (a, b) for k = 1, · · · , n. It will be made clear later in the paper that this property can be used for generating efficient quadrature rules for dealing with the memory term in the dynamic Darcy's law (18) in time domain.
Reconstruction of Dynamic Permeability
Our experience with dehomogenization indicates that K(ω) can be reconstructed with a very good accuracy from partial data by exploring its mathematical structure as a Stieltjes function, [21, 65, 66] . Define a new variable s and a new function P (s)
We summarize the definitions of auxiliary variables and auxiliary functions in Table 1 .
It is clear that R(ξ) in (23) is a Stieltjes function with. Due to the IRF of P (s) in (22), it is known that its Padé approximants have accuracy-through-order property [8] , and all the ω s := −iω ] on the complex s-plane [52] . Most importantly, the Multipoint Padé approximants (or rational interpolants) with interpolation knots {s k } N k=1 with either s k > 0 or conjugate complex numbers appearing in pairs has interlacing simple zeros and simple poles locating in the regions where P (s) is not analytic [61] . Suppose we have values of K(ω j ) for different nonzero frequencies
To generate the complex conjugated interpolating points at ξ k , we note that (23) implies
Hence the data of K at M different frequencies indeed provide 2M data points for the reconstruction of R through this symmetry. The 2M -point Padé approximants are formulated as follows.
We know that the constant term in the denominator can be normalized to 1 and the unknowns (21). Furthermore, the moments of dG can be computed from partial fraction decomposition of it when lower frequency data points are used. Note that the first-moment of dG is equal to
and hence the formation factor F := α∞ φ can be recovered from the numerically estimated moments if K 0 and ν are known. That is, the tortuosity α ∞ can be recovered from data of K(ω) at low frequencies if the porosity φ is known. In terms of the partial fraction decomposition of
the approximation of dynamic permeability K can be expressed as
Therefore, the permeability in time domain can be approximated as
Formulation and Algorithm
For better conditioning of the inversion scheme, the reconstruction is based on (38) , rather than R(ξ).
Suppose we have values of K(ω j ) = K(is j ) = P (s j ) for different nonzero real-valued frequencies ω 1 , ω 2 , · · · , ω M , then we can generate another M -interpolation points by using the symmetry of (19) 
Because of (25) and (26), we can approximate P (s) as
and the moments of dG can be computed from partial fraction decomposition of the approximant when lower frequency data are used. We know that the constant term in the denominator can be normalized to 1 because all the poles are simple and located in (−∞, (28) leads to the linear system of equations Ax = d,
where A r and A i are the real part and imaginary part of A, respectively. Since multi-point Padé approximants of P (s) constructed in this way have real-valued simple poles p j with positive residues r j , j = 1, · · · N , we have
r j s − p j and x ∈ R 2M . Noting that we have 2M real-valued unknowns and 2M complex-valued data for the linear system with complex coefficients, there are 4M equations with real-valued coefficients for the 2M real-valued unknowns. Rather than solving the formal equations of Ax = d as in [65, 66] in least-square sense, which requires forming A t r A r and A t i A i , we solve this system of equations as an overdetermined least square problem by the following algorithm
Solve the overdetermined systemBy =d in the least square sense with Tikhonov regularization min
The L-curve method [39] is used for choosing the regularization parameter γ Theoretically, all the poles in Step 4 should be in the range specified there. Numerically, the ill-posed nature of the inverse problem leads to poles outside the range. Suppose M poles are retained after discarding the spurious poles, M ≤ M , we reindex them and the corresponding residues to {(p j , r j )}| M j=1 . The function P (s) is then approximated by
and the moments µ k , k = 0, 1, 2, · · · by
In terms of the poles and residues in (31), the time-domain permeability can be approximated by the relaxation kernel for t ≥ 0
r j e pj t , r j > 0, p j < 0.
Before testing the idea on the JKD permeability, we have to verify that it is consistent with the general theory presented in [7] .
IRF for JKD Permeability
Since the JKD permeability in (5) was derived by a completely different approach from that in [7] , we need to show K D indeed assumes a representation of the form in (19) . To see this, consider the auxiliary functions defined in Table 1 
and
For R D to assume the IRF, a specific branch of the square-root function has to be chosen so R D (ξ) has all the properties implied by the integral representation. The following branch for the square root function is chosen such that the branch cut of R D is contained in [0,
where (r 1 , θ 1 ) and (r 2 , θ 2 ) are the local polar coordinates at the branch points ξ = 0 and ξ = C 1 
See Figure ? ?. We would like to remark that
2. −R D (ξ) maps the upper half plane to upper half plane with this choice of branch.
3. There exists κ > 0 such that |yR
By a general representation theorem in function theory [2] , these three properties imply there exists a non-decreasing function λ
Transforming (37) back to K D (iω), we see that K D indeed can be represented as an IRF with positive measure dλ
Moreover, the IRF in (23) gives additional information in the sense that it characterizes dλ D (u) as udG(u) with dG being a probability measure. To verify this, we compute dλ D explicitly as follows.
Since a function of bounded variation can only have jump discontinuities and is differentiable almost everywhere, λ D (u) must be continuous in the support of λ D (u) that corresponds to the branch cut of R D . Using the Stieltjes inversion formula on page 224 of [2] , the density of
The pole of R D at ξ = ξ p corresponds to a Dirac measure of dλ at ξ p , whose strength r can be computed from the following relation
i.e.
where χ I is the characteristic function of the interval [0, C 1 ], du the Lebesgue measure and δ the Dirac measure. The following relation can be checked analytically
Our results of the JKD permeability IRF are summarized in the following theorem.
Theorem 4.1. The JKD permeability in (5) can be represented as
where the probability measure dG is
with ξ p , ψ and r defined in (36) , (39) and (40), respectively.
Numerical results for K D (ω)
We use the JKD permeability function given in (5) to demonstrate the idea.
implies a specific branch of the square-root function has to be chosen so P D has all the properties implied by the integral representation such as
• It maps Im(s) > 0 to Im(P (s)) < 0.
• Its singularities are contained in (−∞, − 1 Θ1 ) for some Θ 1 > 0. We chose the branch with
with branch cut at (−∞, − 1 C1 ). With this choice of branch, it can be verified that 
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The exact values of the moments of dλ D can be computed by differentiating (42) near s = 0 and equating the coefficients on both sides.
The JKD-Biot parameters of cancellous bone taken from literature [24, 41, 32] : Table 3 . The plot of these moments estimated with various values of M is in Figure 3 . Figure 4 shows the max. relative error of estimating P (s) with P est M in (31) , where the maximum is taken among 1000 equally spaced sample points. The maximum relative error E ∞ is defined as follows.
The second example is in the range from 0.75 MHz to 4 MHz, which is the spectrum range of the incident ultrasound wave used in [32] for studying cancellous bones. E ∞ (P M est ) with respect to the exact P , which is P D is shown in Figure 4 . From data in this high frequency range, the moments are not well-approximated. However, it is interesting to note that the sum of residuals Examples 3 and 4 are taken from the spectral content of the incident waves used in [47] for seismic wave modeling, where the memory term is handled by the shifted fractional derivative approach. In example 3, the frequency range is from 0 to 4 kHz while the range from 4 kHz to 180 kHz is considered in example 4. Due to the wide spreading of the frequency range, the reconstruction is not as efficient as the previous two cases. However, we note that a common feature in these two cases is that the increase in E ∞ is due to the error in the frequency from Figure 5 , the curve marked by red crosses is from equally spaced sample points for M = 10, ω min = 40 Hz, ω max = 4000 Hz and δω = 440 Hz, from which the value at ω = 0 can be approximated with relative error 1e-3; excluding the first interval, the maximum relative error drops from 6.25e-2 to 1.43e-4.
Noting that the relative error peaks around δω/10 from the minimum frequency, we use 9 equally spaced sample points in the frequency range, which corresponds to δω = 500, and an extra sample point at ω min + δω/10. The relative error from the modified approach is marked by blue triangles in Figure 5 . As indicated by (M) in Figure 6 and Figure 7 , this modification brings down E ∞ (P M est ). The curve marked by (R) is from equally spaced sample points.
Reconstruction of dynamic tortuosity
In the simulation of high-frequency wave propagation in poroelastic media, the time domain Darcy's laws that come from inverse Fourier transform of (18) are part of the first-order formulation of balance law. To deal with the memory term, in [19] a phenomenological approach using generalized Zener kernels was proposed, yet not implemented, with relaxation times obtained by curve fitting. In this section, we show that the analytical structure of tortuosity T in frequency domain can be utilized to calculate the parameters needed in the dissipation kernels from a finite data set of T (ω j ), j = 1, · · · , M .
IRF for dynamic tortuosity T (ω)
We first note that (3) implies
To derive the IRF, we embed R(ξ) into a larger class S. Let ζ := −ξ and g(ζ) := −R(ξ), which is well-defined for all ζ > 0 because all the singularities of R(ξ) are confined in ξ ∈ [0, Θ 1 ]. Hence g(ζ) ∈ S with a = 0 and dσ = dλ. It is known [9] that 
for some constant a ≥ 0 and positive measure dσ.
According to (3), T (ω) has a pole at ω = 0 with strength iηφ ρ f K0 , hence the a in (45) is
Furthermore, T (ω) → α ∞ as ω → ∞, so dσ has a Dirac mass at t = 0 with strength α ∞ . It is also interesting to note that (45) implies Figure 5 : Comparison of relative error of P 10 est for different spacings of sample points. The red curve with crosses is from equally spaced sample points. The blue curve with triangles is from the modified approach.
which can be easily seen by taking the limit lim ω→0 T (ω) − ia ω . Suppose we have the data of R(ξ j ),
is a Stieltjes function with the symmetry h(−ξ) = h(ξ) for ξ = − i ω and ω ∈ R, i.e. measurement at M different non-zero frequencies provide 2M data. Similar with Section 4, we can use these 2M data points to reconstruct h(ξ) by using multipoint Padé approximates
is known, its partial fraction decomposition can be numerically obtained
and the dynamic tortuosity T can be approximated in terms of residues r j and poles
Therefore, the tortuosity in time domain can be approximated as
r j p j e 
Formulation and Algorithm for T (ω)
Given the permeability data P (s j ), s j := −iω j , j = 1, · · · , M at different nonzero frequencies ω j ∈ R, we compute the data points for D(s) defined as
Note that
Using symmetry, there are 2M data points for reconstructing D(s) by multipoint Padé approximates
(52) The linear system of a 0 , · · · , a M and b 1 , · · · , b M to be solved has the same structure as that in Section 4.1 except P (s j ) and P j in (29) should be replaced with D(s j ) and D j , respectively. The numerical scheme is identical to the 4-step process described in Section 4.1.
Once
and the dynamic tortuosity T can be approximated in terms of the residues and poles
Therefore, the tortuosity in time domain can be expressed as where r j > 0 and p j < 0 are defined in (53) and δ(t) is the Dirac function.
We use the JKD tortuosity function to demonstrate the idea.
Numerical Results for JKD tortuosity T D (ω)
The function corresponding to T D via (51) is
We use the values of parameters in Table 2 for the simulations. For these parameters, a = ηφ ρ f K0 =2.708895e03. Suppose M poles are retained after the algorithm, M ≤ M , we reindex them and the corresponding residues to {(p j , r j )}| 
and the moments µ k (dσ
In terms of the poles and residues in (56), the time domain tortuosity T can be approximated as
We consider the same frequency ranges as in Section 4.3. Table 4 shows the reconstructed moments of dσ D from data in the frequency range from 1 to 51 Hz with multipoint Padé approximants of various order M ; the plot is demonstrated in Figure 8 . The exact values of moments are computed by first observing that D D has a removable singularity at s = 0 and its Taylor expansion near s = 0 can be explicitly expressed as
Differentiating the IRF in (55) with respect to s and compare both sides, we can express the moments of dσ D in terms of the Taylor coefficients of function and dσ to the tortuosity function. Since the dynamic permeability and dynamic tortuosity depend on both the frequency and the pore space geometry, the fact that the integrands in the IRFs are only functions of frequency implies that all the geometrical information must be encoded in the measures. The analyticity of both functions at s = 0 enable the calculation of moments in terms of the coefficients of Taylor expansions there. For example, (22) implies
The relation between the permeability and the tortuosity leads to the following relation between the moments of dλ and dσ
From (60), the infinite-frequency α ∞ can be expressed in terms of moments
For the JKd permeability and tortuosity, the measure dσ D satisfies
Suppose we can reconstruct µ 0 (dλ D ) and µ 0 (dσ D ) from low frequency data of permeability K(ω) and that we know the porosity φ and pore fluid kinetic viscosity ν, then we can recover α ∞ from the fact that µ 0 (dλ D ) = α∞K0 φν because K 0 can be obtained easily through extrapolation of low frequency data. Once α ∞ is known, (62) can be used to recover Λ, which is a weighted pore volume-to-surface ratio that provides a measure of the dynamically connected part of the pore region [7] . We note that (62) implies the following for the JKD model
Formulas (59), (61) and (63) show exactly how microstructural information affects the effective parameters α ∞ and Λ through moments. 
Conclusion
In this paper, we derived the integral representation formula (IRF) for dynamic tortuosity T (ω) in general form; we show that T (ω) can be written as the sum of a function with a simple pole at 0 and a Stieltjes function. Utilizing the analytic structure of this IRF and the IRF of permeability K(ω) derived in [7] , an algorithm based on multipoint Padé approximation of Stieltjes functions is proposed for constructing K(ω) and T (ω) from the values of permeability at district frequencies. Taking into account the symmetry of Stieltjes functions, only M different frequencies, instead of 2M , are needed for constructing the [M − 1/M ] approximant. It is demonstrated that the moments of both the measures in the IRFs of K(ω) and T (ω) can be estimated to high accuracy from low frequency data. The capability of this algorithm for recovering the moments can be utilized to compute the inf-tortuosity α ∞ through (59) using the low-frequency permeability data, if the viscosity of pore fluid ν is known because K 0 can be approximated very well from P M est (s). Furthermore, if the JKD model is used, the microstructure-dependent parameter Λ can be recovered by the formula in (63) . It is interesting to note that the empirical formula for Λ suggested by JKD [54] is Λ ≈ 2α∞K0 φ/4 . Comparing this with (63) , which is exact, this empirical formula corresponds to the assumption that
, which is not always true and obviously not satisfied by the moments calculated in this paper.
We have also shown that the JKD permeability K D (ω) can indeed be represented by a probability measure in its IRF, as is predicted by the general result in [7] .
The results of numerical experiments conducted on the frequency ranges taken from the literature in biomechanics for bone [59] and seismology [47] are presented. For the bandwidth spreading less than two others of magnitude, the proposed algorithm with equally spacing interpolating points achieve approximates with high accuracy. From the last two numerical examples, we see that the approximation is of good accuracy away from the first interval; the max. relative error can be greatly improved by adding one sample point close to the lowest frequency to the equally spaced points. This implies that the location of sample points play an important role in the approximation and will be the topic of future investigation. Another way to handle wide frequency range can be to divide it into shorter intervals and do local approximation. The advantage of our reconstruction scheme is two-fold. First of all, it provides high accuracy interpolation of the permeability/tortuosity data without assuming anything beyond the fact that they are related to Stieltjes functions and hence is more general than the JKD model, which assumes specific forms of the dynamic tortuosity functions. Secondly, the time domain representation such as (54) provides an efficient way for numerically handling the memory terms that appears in the time domain numerical simulation for wave propagation in poroelastic materials.
